Abstract. Extrinsic estimates from above for eigenvalues of generalized Dirac operators on compact manifolds are given. They depend on the second fundamental form of any isometric immersion of the manifold in some Euclidean space and the curvature term in the Bochner-Weitzenbock formula for the square of the Dirac operator. Most of the known extrinsic upper bounds for the first eigenvalue of the Laplacian are in this way easily recovered and extended.
Introduction
Let M be a compact connected 77-dimensional Riemannian manifold isometrically immersed in some R* .
This paper presents an attempt to unify partially various methods of finding extrinsic estimates for eigenvalues of the Laplace operator A on M [BW, C, Li, R, YY] , or the Laplace-Beltrami operator on forms [L] , and extend them to the class of generalized Dirac operators defined in [GL, LM] . The extrinsic character of the estimates is reflected in their dependence on the geometry of the immersion chosen.
The method of proof was originated by Payne, Polya, and Weinberger in [PPW] and can also be found in many of the papers cited above. It consists of constructing test sections for the Rayleigh's principle out of the components of the immersion and the eigensections corresponding to various eigenvalues of the operator. The machinery of generalized Dirac operators makes the whole analysis simple, economical, and elegant.
In order to convey some idea of the kind of results we obtained, consider the following example (see Corollary 3.8 below):
The square of the smallest, in absolute value, nonzero eigenvalue of the classical Dirac operator on an even-dimensional spin manifold with nonvanishing 4-genus is bounded above by sup^ |/7|2/dim M, where h is the second fundamental form of M in Rn .
Preliminaries
Let x = (x',..., xn):M -+ R" be an isometric immersion of M in R" . The existence of x is guaranteed by the Nash embedding theorem. One concludes immediately that, pointwise on M, n (1.1) 5^|gradxa|2 = 77.
a=l Let V and V be the covariant differentiations on M and R" respectively. If X and Y are vector fields tangent to M, the second fundamental form 77 (X, Y) of M in R" is defined by the equation of Gauss
where h is a normal bundle-valued symmetric 2-tensor on M. In particular, if Z is a third vector field tangent to M,
The mean curvature vector field n is defined by n = trh-J2"=x h(?i > et). where (e,), is a local orthonormal frame in TM. One has [KN] (1.3) 7/ =-(Ax1,..., Ax").
Finally H = ^\n\ is the mean curvature function.
Let C1(M) be the Clifford bundle of algebras induced by the tangent bundle TM and the Riemannian metric ( , ) [GL, LM] . There is a canonical embedding TM <-» C1(M) and then metric and covariant differentiation extend from TM to C1(M) in such a way that the covariant differentiation V on C1(M) preserves the metric and acts as a derivation. There is a canonical vector bundle isomorphism C1(M) = A*M. (1.9) M spin manifold, S = X, the spinor bundle. Then D is the classical Dirac operator and 3% = \k, k the scalar curvature function on M.
2. Main estimate Let E be a subbundle of S invariant under V and M , i.e., VX(C°°(E)) C C°°(E), for any vector field X, and 3?(E)cE respectively. Then C°° (E) is D2-invariant, by the Bochner-Weitzenbock formula (1.7). The restriction of D2 to C°°(E) has a discrete spectrum located on the nonnegative part of the real line. Its eigenvalues can be arranged, counting multiplicities, in an increasing sequence 0 < kx < k2 < ■■■ .
Eigensections sx, s2, ... , Si, ... , D2s/ -k/S/ can be chosen in C°°(E) to form an orthonormal basis for L2(E), the completion of C°°(E) with respect to the global inner product ( , ). We want to estimate any given eigenvalue km+ x in terms of the previous ones, k\,ki, ..., km, their eigensections S\,Sz,... ,sm, the immersion x , and the curvature term 31. 
Consequences
Certainly Theorem 2.1, as it stands, does not give a very useful estimate. Especially undesirable is the presence of s, 's in its right-hand side, however, it is its generality that counts. We will show in this section that for particular classes of operators, various interplays between the mean curvature function H, the eigenvalues k,, and the curvature endomorphism 31 occur, making the estimate interesting. Assume now that 32\E = 0, and let s be an eigensection of D2 with eigenvalue 0. The Bochner-Weitzenbock formula implies then Vs = 0, i.e., 5 is parallel. Since V preserves the metric, (s, s) is a constant function on M. provides such an example. Here the 0-eigenspace is one-dimensional. The theorem in this case is due to Reilly [R] .
Another example of this type is furnished by the Laplace-Beltrami operator restricted to one-forms, on a Ricci-flat manifold with nonvanishing first Betti number, e.g., a Ricci-flat torus or any other Ricci-flat closed surface of positive genus.
Let us concentrate now on estimating the eigenvalues of the classical Dirac operator on a spin manifold (1.8).
Theorem 3.7. If M is a n-dimensional spin manifold isometrically immersed in some Rn and 0 < kx < k% < 
